Noise is the price to pay when trying to clone or amplify arbitrary quantum states. The quantum noise associated to linear phase-insensitive amplifiers can only be avoided by relaxing the requirement of a deterministic operation. Here we present the experimental realization of a probabilistic noiseless linear amplifier that is able to amplify coherent states at the highest level of effective gain and final state fidelity ever reached. Based on a sequence of photon addition and subtraction, and characterized by a significant amplification and low distortions, this high-fidelity amplification scheme may become an essential tool for quantum communications and metrology, by enhancing the discrimination between partially overlapping quantum states or by recovering the information transmitted over lossy channels.
Quantum mechanical laws impose that arbitrary quantum states cannot be perfectly cloned or amplified without introducing some unavoidable noise in the process [1, 2] . This is a consequence of the linearity and unitary evolution of quantum mechanics and guarantees against unphysical situations such as the violation of the Heisenberg uncertainty principle or the superluminal exchange of information [3, 4] . In any deterministic linear amplifier noise is unavoidably added in the process and any input pure state results in a mixed output one.
This has profound implications also from a practical point of view in the frame of quantum information processing and quantum metrology. For example, it greatly limits the possibility of restoring the information carried by some fragile quantum state by amplifying it after it has been degraded in a lossy channel. Or, it can forbid to distinguish among different parameter values if they are encoded in partially overlapping quantum states.
As an illustrative example let us consider the case that some quantum information (or classical parameter value) is encoded in the complex amplitude α of a coherent state |α . If the state amplitude is made too small (generally by losses) then the strong overlap between different states can make it impossible to correctly distinguish among them. Simply amplifying the states would not solve the problem because it would also amplify the quantum fluctuations of the coherent states, thus in fact increasing their overlap and making the situation even worse (see Fig. 1) .
A solution to this problem would be provided by an ideal noiseless amplifier of coherent states of light whose action can be mathematically described as
where g > 1 is the amplification gain. Referring to the above example, a sufficient noiseless amplification of partially-overlapped coherent states would allow one to make them exactly distinguishable. Wigner function contours of input and amplified coherent states. The quantum-noise limited amplifier with amplitude gain g invariably adds noise being at least the equivalent of 2(g 2 − 1) vacuum-noise units. The best classical linear amplifier based on measure-and-prepare strategy adds even more noise, namely at least 2g 2 vacuum-noise units. By contrast, the probabilistic noiseless amplifier preserves the noise of coherent states while amplifying their amplitude.
The transformation (1) is unphysical, but can be implemented probabilistically in an approximate way. Ralph and Lund [5] recently proposed a scheme based on the application of multiple quantum-scissors blocks [6, 7] to non-deterministically amplify the low-amplitude portions obtained by splitting a coherent state before their coherent recombination in an interferometric setup. Although the complete scheme is almost impossible to realize with current technologies, the functioning of its quantum-scissors core element has been recently demonstrated by two experimental groups [8, 9] .
Here we follow a completely different route, based on a combination of photon addition and subtraction, and show that the performances of this approach are far superior, both in terms of higher effective amplification, and of higher fidelity of the final states to the ideal target coherent state |gα .
Addition and subtraction of single photons are the result of the application of the creation and annihilation operatorsâ † andâ to an arbitrary state of light. Depending on the ordering of such operations, a transformation aâ † orâ †â can be applied to the initial state. Sequences and coherent superpositions of such quantum operators have been recently demonstrated experimentally [10, 11] . Making a coherent linear combination of these two operations with suitable weights one can obtain
wheren =â †â is the photon number operator. As shown in Ref. [12] , the operation (2) is a good approximation of the ideal noiseless amplification process (1) for weak coherent states.
The performance of the approximate amplifier (2) can be quantified by its effective gain and fidelity. For an input coherent state |α , the un-normalized output state of the amplifier readsĜ|α . We define the effective amplification gain g eff as the ratio of the mean values of annihilation operatorâ for the output stateĜ|α and input state |α . Since α|â|α = α we have
On inserting the expression for the operatorĜ into Eq. (3) we obtain after some algebra
The fidelity of the amplifier is defined as normalized overlap of the output stateĜ|α with the ideal target coherent state |gα ,
A straightforward calculation yields
Of particular interest is the nominal gain g = 2. In this case the formula forĜ simplifies, as one term in the superposition (2) vanishes and we obtain
Application of such transformation for noiseless amplification has been originally discussed in Ref. [13] , and its action is evident if applied to a weak coherent state approximately described as |α = |0 + α |1 : one getŝ
e., a doubling of the coherent state amplitude. The advantage of the transformation (7) is that its experimental implementation does not require interferometric stability unlike the general case of g = 2.
The experiment is based on a unique and versatile setup for implementing creation and annihilation operators that has been recently used to arbitrarily engineer quantum light states and test fundamental quantum mechanical rules [10, 11, 14, 15] . The addition of a single photon to an arbitrary light state is obtained by conditional stimulated parametric down-conversion in a nonlinear crystal. The photon addition in the output signal mode is heralded by the detection (by an on/off photodetector D a ) of a single photon in the idler down-conversion channel. On the other hand, single-photon subtraction is implemented by conditionally attenuating a state by detecting (by an on/off photodetector D s ) a single photon reflected from a high-transmissivity beam-splitter (BS). By placing the parametric down-converter and the beamsplitter in series along the path of a traveling coherent state, one can herald the application of theââ † operator by looking for coincident detections from D a and D s , as shown in Fig. 2 . The low parametric gain and the low reflectivity of BS (set to about 5 % for these measurements) guarantee that the experimental scheme is a very faithful implementation of the ideal operator sequence. The main light source is a mode-locked Ti:sapphire laser producing 1.5 ps pulses at 786 nm and with a repetition rate of about 82 MHz. Most of the laser emission is frequency-doubled to become the pump for the down-conversion process. An attenuated portion of the laser emission is used as the coherent field |α , which is injected along the signal mode of the down-converter (a type-I, β−barium borate crystal) and eventually crosses a variable-reflectivity beam-splitter (BS, a half-wave plate and polarizing beam-splitter combination) before being mixed in a 50-50 beam-splitter with another portion of the original laser field serving as the local oscillator (LO) for balanced time-domain homodyne detection. Differently from previous experiments that only involved single-click heralding or phase-independent states, here a particular care has to be taken in order to perform phase-sensitive homodyne measurements triggered at a relatively low rate (ranging from about 20 cps for low |α| values to about 70 cps for |α| = 1). An active stabilization of the relative phase between the signal state and the LO has been implemented to this purpose by using the DC component of the homodyne current as a control signal in a feedback loop.
Quadrature measurements for the amplifiedââ † |α state are obtained by time integration of the pulsed homodyne signal synchronous to a coincident D a −D s click. The next pulses (not coincident with any trigger event) are also analyzed in order to acquire homodyne data for the corresponding un-amplified |α input state. Finally, quadrature measurements of the vacuum state obtained by blocking the signal beam are also acquired for normalization. An absolute calibration of the input coherent state amplitude |α| is obtained by comparing the rate of stimulated photon addition events to spontaneous ones.
The experimental estimation of the effective gain g eff is simply obtained by measuring the ratio of the mean values of the amplitude quadratures for the output and the input states. This is done by locking the relative phase between the coherent state |α and the local oscillator to an interference maximum (or minimum). Interestingly enough, since these two quantities are measured with the same homodyne detector, they suffer identical losses, therefore detection inefficiency factors out in their ratio. The experimental effective gain is plotted in Fig.  3A as a function of |α|, together with that calculated for g = 2. For low values of |α| the effective gain is very close to the ideal value of 2, corresponding to an effective intensity amplification of ≈ 4.
About 10 5 quadrature measurements distributed in 11 values of the LO phase in the [0, π] interval are then acquired to perform a quantum tomographic reconstruction of the states based on an iterative max-likelihood algorithm [16, 17] . The experimental fidelity of the amplified state to the target state is calculated by comparing the amplified state to a coherent state of double amplitude |2α (obtained by halving the amplitude attenuation experienced by the portion of the laser emission injected in the down-converter crystal), through their reconstructed density matrix elements. Experimental fidelity values corresponding to three different amplitudes of the input coherent state are plotted together with the calculated curves in Fig. 3B . We find a very good agreement with the expected behavior and a high-fidelity (F > 90%) op- eration of our noiseless amplifier is preserved up to input coherent state amplitudes |α| 0.65, corresponding to g eff ≈ 1.6. The very high fidelity of our noiseless amplifier is also evident in the little distortions experienced by the Wigner functions of the amplified states, whose contour plots are also shown in the right panels of Fig.  3 .
The noise properties of the amplifier may be succinctly characterized by measuring the variances of the amplitude and phase quadratures (x amp and p amp ) of the amplified coherent state. The results are plotted in Fig. 3C , where one can see that the variances lie far below the value of 2g 2 eff − 1 shot-noise units corresponding to the best deterministic linear amplifier. From the knowledge of the quadrature fluctuations and the effective amplification gain we can also determine the equivalent input noise of the amplifier [9, 18, 19] ,
A direct calculation reveals that the approximate noiseless amplification |α → aa † |α exhibits negative N eq for all α. Experimentally, we find that our amplifier indeed achieves N eq < −0.48 for all considered coherent state amplitudes |α| ≤ 1.4.
It is now quite instructive to compare the performances of the amplifier based on the combination of photon addition and subtraction to those of other schemes of noiseless amplification. In the experiments based on quantum scissors [8, 9] , the state is truncated at Fock state |1 , whose weight is increased so as to emulate the amplification. An output state of such amplifier corresponding to the input coherent state |α is thus given by
The effective gain and fidelity of amplifier based on quantum scissors can be defined similarly as above, only the output stateĜ|α has to be replaced with |ψ(α) ,
On inserting the state (8) into these formulas we obtain
and
For g = 2, we obtain from Eqs. (4), (6), (10) and (11) the following expressions,
2 .
(13) The effective gain and fidelity of the amplifier based on quantum scissors for a nominal gain g = 2 are also plotted in Figs. 3A and 3B. Both quantities decrease with increasing |α| but the amplifier based on the combined photon addition and subtraction greatly outperforms the one based on quantum scissors, also in terms of equivalent input noise. In fact, the scissors-based amplifier can even lead to effective attenuation, g eff < 1, because the very crude state truncation becomes the dominant effect as soon as the condition |gα| 2 ≪ 1 is not satisfied. The fidelity of the amplification achieved with our approach is also much better than the one achievable by the scheme based on thermal noise addition and single-photon subtraction proposed in [13] . This scheme is unavoidably limited in its performance and can exhibit high fidelity only in the regime where the effective gain drops very quickly with increasing |α|. Although still able to conditionally improve phase estimation, the thermal addition has the detrimental side-effect of significantly reducing the purity of the amplified state, whereas our scheme is in principle able to preserve the unit purity of the input coherent states.
Among other applications, noiseless amplification can enhance the performance of state-discrimination and phase-estimation schemes. In particular, consider a protocol where a unitary transformation |α → |αe iθ imprints information about phase shift θ onto the phase quadrature p that is measured by a balanced homodyne detector. We have p = 2|α| sin θ, and for small θ we may construct an estimator θ est = p 2|α| whose variance is inversely proportional to the total mean number of photons in the probe coherent state, V (θ est ) = 1 4|α| 2 , which is the well-known standard quantum limit [20, 21] . If the coherent state is noiselessly amplified before detection, the variance of θ est is conditionally reduced by a factor
For a perfect noiseless amplifier one gets R V = g our high-fidelity noiseless amplifier is that of allowing a clear discrimination and a much better phase estimation for the states that were almost totally overlapped before amplification.
We anticipate numerous applications of the demonstrated noiseless amplifier in quantum information processing and quantum metrology. It can compensate for losses in quantum communication schemes and can be used to distill and concentrate entanglement [5, 12] . Since it preserves quantum coherence it could be used for breeding small cat-like states of the form |α ± |−α . As clearly shown above, it can improve the performance of phase-estimation schemes [13] and enable highfidelity probabilistic cloning and discrimination of coherent states. Moreover, a fully tunable amplification gain can be achieved with an extended interferometric version of the present setup that can also emulate Kerr nonlinearity [12] . The present approach to high-fidelity noiseless amplification, largely outperforming concurrent schemes, will certainly represent an essential tool for the emerging quantum technologies.
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